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$(M, h)$ $\nabla$ $M$ $\nabla$
$h$ $\nabla^{*}$
$Xh(Y, Z)=h(\nabla_{X}Y, Z)+h(Y, \nabla_{X}^{*}Z)$ ,






$h(R(X, Y)Z, V)+h(Z, R^{*}(X, Y)V)=0$
$R=0$ $R^{*}=0$
$\nabla$ $T$




1( [Ku-l]) $(M, h)$ $\nabla$ $M$




$(M, \nabla, h)$ $\nabla$ $\nabla^{*}$ $\nabla*$
$(M, \nabla^{*}, h)$ $(M, \nabla, h)$
$(0,3)$ - $C(X, Y, Z)=(\nabla_{X}h)(Y, Z)$
$C$ $(M, \nabla, h)$ 3
$(M, h)$ $(0,3)$ - $C$
$h( \nabla_{X}Y, Z) = h(\nabla_{X}^{(0)}Y, Z)-\frac{1}{2}C(X, Y, Z)$ ,
$h( \nabla_{X}^{*}Y, Z) = h(\nabla_{X}^{(0)}Y, Z)+\frac{1}{2}C(X, Y, Z)$
$\nabla,$ $\nabla^{*}$
$\nabla^{(0)}$ $h$ Levi-Civita $\nabla h$ $\nabla*$
$(M, \nabla, h),$ $(M, \nabla^{*}, h)$
$(M, g)$ $(0,3)$ -
$C$ $(M, g, C)$ Lauritzen [La]
2
$(M, \nabla, h)$
$(M, \nabla, h)$ $\nabla$
$R=0,$ $T=0$ $(M, \nabla, h)$ Hesse [S].






$\rho[X_{1}\cdots X_{i}|Y_{1}\cdots Y_{j}](r) :=(X_{1})_{p}\cdots(X_{i})_{p}(Y_{1})_{q}\cdots(Y_{j})_{q}\rho(p, q)|_{q=r}p=r.$
$\rho[X|](r)=x_{(p)\rho(p,q)}|p=$$= _{}\rho[X|Y](r)=X_{(p)}Y_{(q)\rho(p,q)}|_{q=r}p=r$
2( ) $\rho$ $M\cross M$ $\rho$
$\rho$ $M$
1. $M$ $p$ $\rho(p,p)=0$
2. $\rho[X|]=\rho[|X]=0$
8 $h(X, Y)$ $:=-\rho[X|Y]$ $M$
$\rho$ $M$ $h$ $\rho$ $M$
$h(\nabla_{X}Y, Z) := -\rho[XY|Z],$
$h(Y, \nabla_{X}^{*}Z) := -\rho[Y|XZ].$
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$\nabla$ $\nabla^{*}$ $h$ $\nabla h$ $\nabla*$
$(M, \nabla, h)$ $(M, \nabla^{*}, h)$
$(M, \nabla, h)$ $\rho$
4
[NS], [Iv], [Ku-l], [Ma-4]
$M$ $n$ $(n\geq 2),$ $f$ $M$ $R^{n+1}$ $\xi$ $f$
( ) $M$ $P$
$T_{f(p)}R^{n+1}=f_{*}(T_{p}M)\oplus R\{\xi_{p}\}$ (4.1)
$\{f, \xi\}$ $M$ $R^{n+1}$
$\xi$
$D$ $R^{n+1}$ $f$ $D$
(4.1)
Gauss : $D_{X}f_{*}Y$ $=$ $f_{*}(\nabla_{X}Y)+h(X, Y)\xi$ , (4.2)
Weingarten : $D_{X}\xi$ $=$ $-f_{*}(SX)+\tau(X)\xi$ (4.3)
$M$ $\nabla,$ $h$ $\nabla$
$(0,2)$- $h$ (1, 1)- $S$
1 $\tau$ $h$
$h$
4.1 $\{f, \xi\}$ $\{\overline{f},\overline{\xi}\}$ $M$







($M$ $n$ ) $\pi$
$\pi(X_{1}, \ldots, X_{n}) :=\det(X_{1}, \ldots, X_{n}, \xi)$
$\det$ $R^{n+1}$ $\pi$
$(\nabla_{Y}\pi)(X_{1}, \ldots, X_{n})=\tau(Y)\pi(X_{1}, \ldots, X_{n})$
$\tau=0$ $\pi$ $\nabla$
$M$
$\{f, \xi\}$ $\nabla$ Ricci
$Ric(X, Y)=tr\{X\mapsto R(X, Y)Z\}$
( )
Gauss : $R(X, Y)Z=h(Y, Z)SX-h(X, Z)SY$
Codazzi : $(\nabla_{X}h)(Y, Z)+\tau(X)h(Y, Z)=(\nabla_{Y}h)(X, Z)+\tau(Y)h(X, Z)$
$(\nabla_{X}S)(Y)-\tau(X)SY=(\nabla_{Y}S)(X)-\tau(Y)SX$




4.2 $\{f, \xi\})$ $(M, \nabla, h)$
$\nabla$ $\nabla^{*}$
$(M, \nabla, h)$ $\nabla^{*}$
$(M, \nabla, h)$ $\{f, \xi\}$
[DNV], [Iv], [Ku-l].
$\{f, \xi\}:Marrow R^{n+1}$ $R_{n+1}$ $R^{n+1}$ $M$
$P$ $\{f, \xi\}$ $v$ : $Marrow R_{n+1}$
$\langle v(p), \xi_{p}\rangle=1, \langle v(p), f_{*}X_{p}\rangle=0$
(4.2) (4.3)
$\langle v_{*}X_{p}, \xi_{p}\rangle=-\tau(X) , \langle v_{*}X_{p}, f_{*}Y_{p}\rangle=-h(X, Y)$ (4.4)
$h$ $v$ $M$ $R_{n+1}$






$Xh(Y, Z)=h(\nabla_{X}Y, Z)+h(Y,\hat{\nabla}_{X}^{*}Z)+\tau(Y)h(X, Z)$ (4.5)
(4.5) $\hat{\nabla}^{*}$ $\nabla$ $h$




$\{f, \xi\}$ $v$ $\{f, \xi\}$ $M\cross M$
$\rho$
$\rho(p, q)=\langle v(p), f(p)-f(q)\rangle$
$\rho$ $(M, \nabla, h)$ [Ku-l]. $R^{n+1}$
$(M, \nabla, h)$ $\rho$
$(M, \nabla, h)$




3( [Ku-3]) $(M, h)$ $\nabla$ $M$
$T$ $\nabla$
$(\nabla_{X}h)(Y, Z)-(\nabla_{Y}h)(X, Z)=-h(T(X, Y), Z)$
$(M, \nabla, h)$
$\nabla$ $\nabla^{*}$
5.1 $(M, h)$ $\nabla^{*}$ $M$
$\nabla$ $\nabla^{*}$ $(M, \nabla, h)$
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$(M, \nabla, h)$ $\nabla$ $R=0$
$(M, \nabla, h)$
6
$\rho$ $TM\cross M$ $M$
$\rho[X_{1}\cdots X_{i}Z|Y_{1}\cdots Y_{j}](r):=(X_{1})_{p}\cdots(X_{i})_{p}(Y_{1})_{q}\cdots(Y_{j})_{q}\rho(Z_{p}, q)|_{q=r}p=r.$
$\rho[XZ|](r)=x_{(p)\rho(Z_{p},q)|_{q=r}}p=r$
4( ) $\rho$ $TM\cross M$ $\rho$
$\rho$ $M$
1. $\rho(fiX_{1}+f_{2}X_{2}, q)=fi\rho(X_{1}^{l}q)+f_{2}\rho(X_{2}, q)$ , $fi$ $f_{2}$ $M$
2. $\rho[X|]=0$ , $\rho(X_{p},p)=0$
3. $h(X, Y)$ $:=-\rho[X|Y]$ $M$




$h(\nabla_{X}Y, Z) := -\rho[XY|Z]$ , (6.1)
$h(Y, \nabla_{X}^{*}Z) := -\rho[Y|XZ].$
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$Xh(Y, Z) = -X\rho[Y|Z]=-\rho[XY|Z]-\rho[Y|XZ]$
$= h(\nabla_{X}Y, Z)+h(Y, \nabla_{X}^{*}Z)$ ,
$h(Y, \nabla_{X}^{*}Z-\nabla_{Z}^{*}X) = -\rho[Y|XZ]+\rho[Y|ZX]$
$= -\rho[Y|[X, Z]]=h(Y, [X, Z])$
$\nabla$ $\nabla^{*}$ $h$ $\nabla^{*}$
$\rho[XY|Z]-\rho[YX|Z]\neq-h([X, Y], Z)$ $\nabla$





$M$ $n$ $\omega$ $R^{n+1}$ $M$ 1 $\xi$ $R^{n+1}$
$M$ $M$ $p$
$R^{n+1}=$ Image $\omega_{p}\oplus R\{\xi_{x}\}$
$\{\omega, \xi\}$ $\xi$
$\{f, \xi\}$ $M$ $R^{n+1}$
$\{df, \xi\}$
$X\omega(Y) = \omega(\nabla_{X}Y)+h(X, Y)\xi,$
$X\xi = -\omega(SX)+\tau(X)\xi$
$M$ $\nabla,$ $h,$ $S,$ $\tau$ $\nabla$
$h$ $\nabla$
7.1 $\{\omega, \xi\}$
1. $\nabla$ Image $d\omega_{p}\subset Span\{\xi_{p}\}$
2. $h$ Image $d\omega_{p}\subset$ Image $\omega_{p}$
$h$ $\omega$ $h$ $\omega$
$\omega$ $\xi$
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$h(X, Y) =\phi\tilde{h}(X, Y)$ ,
$\tilde{S}X-\tilde{\tau}(X)V=\phi SX-\nabla_{X}V,$
$\phi\tilde{\tau}(X) =h(X, V)+d\phi(X)+\phi\tau(X)$ .
$\tau=0$ $\{\omega, \xi\}$







$R(X, Y)Z=h(Y, Z)SX-h(X, Z)SY,$
Codazzi :
$(\nabla_{X}h)(Y, Z)+h(Y, Z)\tau(X)$
$-(\nabla_{Y}h)(X, Z)+h(X, Z)\tau(Y)=-h(T^{\nabla}(X, Y), Z)$ ,
$(\nabla_{X}S)(Y)+\tau(Y)SX-(\nabla_{Y}S)(X)-\tau(X)SY=-S(T^{\nabla}(X, Y))$ ,
Ricci :
$h(X, SY)-(\nabla_{X}\tau)(Y)-h(Y, SX)+(\nabla_{Y}\tau)(X)=\tau(T^{\nabla}(X_{\}}Y))$ .
Codazzi
7.4 $\{\omega, \xi\}$ $\nabla$
$(M, \nabla, h)$
7.5 (SLD Fisher [Ku-3]) Herm$(d)$ $d$ $S$
:
$S=\{P\in$ Herm$(d)|P>0,$ $trP=1\}.$





$P\in S$ $X\in \mathcal{A}_{0}$ $\omega_{P}(\tilde{X})\in$ Herm $(d)$ $\xi$
$X= \frac{1}{2}(P\omega_{P}(\tilde{X})+\omega_{P}(\tilde{X})P) , \xi=-I_{d}.$
$\omega$ $S$ Herm$(d)$ 1 $\{\omega, \xi\}$
$\nabla$ $g$
$g_{P}( \tilde{X},\tilde{Y}) = \frac{1}{2}tr(P(\omega_{P}(\tilde{X})\omega_{P}(\tilde{Y})+\omega_{P}(\tilde{Y})\omega_{P}(\tilde{X})))$ ,
$( \nabla_{\tilde{X}}\tilde{Y})_{P} = (h_{P}(\tilde{X},\tilde{Y})P-\frac{1}{2}(X\omega_{P}(\tilde{Y})+\omega_{P}(\tilde{Y})X))^{\sim}$
$\omega$ $g$ SLD Fisher
$g$
$g_{ij}$ $=$ tr $\{(\partial_{i}P)\omega_{j}\}=$ tr $\{\frac{1}{2}(P\omega_{i}\omega_{j}+\omega_{i}P\omega_{j})\}$




$\{\omega, \xi\}$ $R^{n+1}$ $R_{n+1}$ $R^{n+1}$
$M$ $p$ $\{\omega, \xi\}$ $v:Marrow R_{n+1}$
$\langle v(p), \xi_{p}\rangle=1, \langle v(p), \omega_{p}(X)\rangle=0.$
$h$ $v$ $M$
$R_{n+1}$ $\{v, -v\}$ $\nabla$ $h$ $\nabla^{*}$
$\{\omega, \xi\}$ $v$ $TM\cross M$
$\rho$
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